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Conservation Laws

oq +divqf(q,d) =r in QxRT,
C(g,d)=0 in QxR
q(x,0) =qo in Q

@ Variables: conserved q(x,t) € R®%, diagnostic d(x,t) € R
@ Fluxf e RS*N, forcer € RS

@ Constraint C € R

@ Boundary conditions
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Spherical Shallow Water Equations

X3
@ 2-dimensional surface Q ¢ R3
@ Conserved variables q = (¢, $u)

@ Flux f(q) = ( ou )

duou+ % Ids
X1

z-Achse

x-Achse
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Mesoscale Model — Euler Equations

® Q Cc R?orR3

@ Conserved variables q = (p, pu, pw, pf)
pu PW 0
2

@ Conservation law diq + pus+p p;JW | Y
puw - pW*< +p —gp
plu pOW 0

z
Q C R?
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Mesoscale Model — Hydrostatic Equations

@ Conserved variables q = (p, pu, pb)
@ Diagnostic variable w

pu PW
@ Conservation law g +div | pu?2+p puw | =0
pbu pOw

@ Hydrostatic constraint 9,p = —gp

z

Q c R?
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DG for Atmospheric Applications

@ Spherical SWE: Giraldo '02, Nair’05, Giraldo '06
@ Mesoscale Euler codes: Giraldo '08, Restelli’09

SWE convergence
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Discontinuous Function Space

@ Computational Grid, elements E C Q

]

\
I
[

@ Function space

V={p:Q—=R | ¢lg €P*E), VE}
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Space Discretization

oq + dIVf(CI) =0

@ Integral form, q(t) € V®

[ aa-1@): Vaptxs [o-f@-eds =0, Vpeve
E OE
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Space Discretization

oq + dIVf(CI) =0

@ Integral form, q(t) € V®

/go-atq—f(q):Vngdx+ =0, VpeV?®
E
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Space Discretization

oq + dIVf(CI) =0

@ Integral form, q(t) € V®

/gp-atq—f(q):Vngdx+ =0, VpeV?®
E

@ Rusanov (local Lax-Friedrichs) numerical flux

f(xyqin’qout) — % |:(f(q|n) —|—f(qOUt)) Vg — )\( out In)
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Spatial Accuracy

Semi-discrete solution

(0tth, ¥)12(q) = [floc(ah, ), Ve € V®

@ Linear f, dimensionn =1, scalar s = 1,
@ Tensor product polynomials PK

1an(T) = a(T)llLz(q) = O(AX*T)

LeSaint '74
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Nodal Polynomial Basis

@ Polynomials PX(E), N =dimPX
@ Lagrange basis (¢j)i=1,.n,, collocation points Xy, .., Xy
@ Data points d = (dq,..,dy, )

k

N
Ly :R% - PX, £,d = digi(x)
i=1

1£xdlloo < [1£x Ao
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Nodal Polynomial Basis

@ Polynomials PX(E), N =dimPX
@ Lagrange basis (¢j)i=1,.n,, collocation points Xy, .., Xy
@ Data points d = (dq,..,dy, )

k

N
Ly :R% - PX, £,d = digi(x)
i=1

1£xdlloo < [1£x Ao

@ Small Lebesgue constant || Ly ||
@ (0,1)": Gauss-Lobatto points
@ Triangle: (elliptic) Fekete points

Taylor '00, Hesthaven '98
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Time Discretization

dimvs

aix,t) = Y ait)ei(x)
i=1

(atq790)L2 = [f]DG(anO)a v@ € st
Zatqi((pi>90j)L2 = [f]DG(qv(pj)v j=1, ,dImVS
i

@ RKM: Explicit strong stability preserving Runge-Kutta method
@ non-linear f, 1d, scalar, slope limiter: convergence (Cockburn/Shu)

@ BDF2/3: IMEX backward difference formula

(atq,SO)LZ = [f - I]DG(qv(p) + [I]DG(q>90)
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Gravity Wave Setup

z [km]

o N M O

10

@ Domain = (0,300km) x (0,300km) x (0, 10km)

@ Velocity u =20ms™?!
@ Time T = 3000s

sy
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AWI @

Skamarock '94
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Linear Analytic Solution

@ Phase velocity
N
&)= e

@ Hydrostatic switch §
@ Brunt-Vaisala frequency N, wave numbers Kk, |

Non-hydrostatic Hydrostatic
10

z [km]
o N A OO @
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2d Model Results

o Pk k=1, ..,4
@ Ax = 200m x 200m

Non-hydrostatic
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Gravity Wave Convergence

BDF3, CFLso, non smooth
106
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Gravity Wave Convergence

BDF3, CFLso, non smooth Agnesi mountain profile
10° e
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Gravity Wave Convergence

L2-error n(6)

BDF3, CFLso, non smooth
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Lauteretal. | AWID

Agnesi mountain profile
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Gravity Wave Convergence

BDF3, CFLso, non smooth BDF2, CFLgqg
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Gravity Wave Convergence

BDF3, CFLgo, Nnon smooth BDF2, CFLgqg
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Gravity Wave Convergence

L2-error n(6)

L2-error n(6)
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Hydrostatic Mountain Waves

@ Domain
Q = (0, 240km) x (0,80km) x (0, 22km)
@ Mountain extent 20km x 1m u-perturbation

@ Lateral inflow-, outflow- conditions
@ Non-reflecting boundary

oq +divf(q) =r(d) + v(drer — q)
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Model Results

@ Ax =1200m x 280m
@ Steady state waves

Non-hydrostatic Hydrostatic
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Schéar Mountain Waves

@ Q C (—25,144km) x (0, 30km)
@ 5 mountains: hy = 4km, h, = 240m

Non -hydrostatic Hyd rostatic
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Mountain Wave Convergence

@ Non-hydrostatic system P —
P2

@ Steady state solution P
2 —

@ Resolve scales «+» convergence
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Summary Lauter etal.

@ Conservation laws for atmospheric flow

@ Shallow water equations
@ 2d-Euler equations
@ Hydrostatic equations

@ DG method

@ Polynomial orderk =1,....4
@ Time integrators: RKM, BDF

@ High order convergence results
@ Wave dispersion for (non-)hydrostatic systems
@ Limits for the hydrostatic system

AW @
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Workshop Announcement

Solution of Partial Differential Equations on the Sphere 2010
@ August 24 - 27, 2010
@ Numerical Methods and Applications for Geophysical Flow
@ Potsdam, Germany

Sanssouci Castle

Alfred Wegener Institute
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