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1. Motivation:

Development of

Scale SeIeCtlve (|e W|th no phase — H|gh order Spatia| schemes
and amplitude error at resolved scales),

and conservative — non-dissipative dynamics, no
(at least mass) ggrr]g?;igsl diffusion, skew-symmetric
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Fig. H.-J.Kaltenbach



2. Higher order explicite
spatial schemes

1. Construction of centered differences higher
order advection schemes on a staggered grid

2. Wicker-Skamarock (2002)
3. COSMO, Baldauf (2008)
4.Incompressible, Morinishi (1998)
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—1 Centered differences:
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—1 Spatial scheme order 4:

VS 1 - -
V(vay'™® = m{“wug [f(gé+l +¢) — (qir2 + Qi—l}} —Ui_1/2 ["('ﬁi’a‘ +qio1) — (G + Qé—ﬁj} }’

—1 General form:

1stD of flux F=u g combined with
a combination of
with b =7/6 and b3 =—1/6 S1 and S3 interpolation of g

V(va)'"® = 67 (ug) =67 u(br g + bsT )

i

— Taylor expansion of the scheme:

i

VS = V(va) +o7 |0 i) = (w2001 — uio1208172)] (Aa) + O((Aa)Y)

Taylor exp. of WS scheme: 4" order for special cases only, e.g. 1D advection with constant u




2.3 COSMO schemes for the
advection operator
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Spatial schemes order 1 ... 6 (Baldauf (2008)
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General form of the 4th order scheme:
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ag=—1/3

50

COSMO advection schemes
are high order accurate
for special cases only,

e.g. 1D advection of u




3. Results of
Idealised tests

1. Small disturbance growth in a channel flow:
Amplitude and Phase error of 2nd to 6th order
schemes

2. 2D mountain flow in the COSMO model. Convergence
of 2nd to 6th order COSMO advection schemes



1. Small disturbance growth in a channel flow:

3.Results of

Idealised tests

Amplitude and Phase error of 2nd to 6th order

schemes
scheme form of quadratic and viscous terms | dp/dq and Ju,/dq
0/0x,0/0z 0/0y forg=xzand q = 2
xz2y2pZe | divergence | 2nd expl. 2nd expl. 2nd expl.
xzdy2pde | divergence 4th expl. 2nd expl. 4th expl.
xzby2pZe | skew-sym. 6th impl. 2nd expl. 2nd expl.
xzby2pde | skew-sym. 6th impl. 2nd expl. 4th expl.
xzby2pbe | skew-sym. 6th impl. 2nd expl. 6th expl.
xzbydpbe | skew-sym. 6th impl. 4th expl. 6th expl.




Results of SDG:  ENergy growth for n_x=8, n_y=256 -ty
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n,=8 n, = 256 (tanh94) ny,=1
Reyq=5000, Reyg-dyp =-3, Tg=16.67, 1,=0.00352 A=27Tg
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3.2 Results of
Idealised tests

2. 2D mountain flow in the COSMO model: Convergence
of 2nd to 6th order COSMO advection schemes
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Numerical Solution (left) ::) \ MRS i?

Dx=500m 175+ : = -17.5

Analytical solution (right) i: - : _iz

(Klemp-Lilly (1978) JAS) T Ll I 3%
du
— +v.Vu =

2D mountain flow dr —
Linear hydrostatic regime: d_” +v.Vv
prerequisites at ; :
. w

no_frlctl_on 51 — 4 51 v. Vw

adiabatic processes at

Ideal gaslaw ap

no earth curvature 05 FT + 03v.Vp + pV.v=20

no coriolisforce ! | ! T )
dp 9 G ' Cp P
L= 228 %= BT 5 = HRT
dt dt '’ Cp Py

. incompressible / compressible &3 =0/1 ! shallow/deep atmosphere
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stationary mountain flow, hydrostatic linear case (Baldauf, 2009)

Initial conditions: w,=0, u,=10m/s

Typical quantities:  u,=10m/s, t,= a/u,=1000s
a=10km (mountain half width) h= 10m
N=0.01

Domain: Ix=504a,Lz=195a(2.5a), t=360t,

horizontal resolution: dx*;: 0.0125to 0.4
CFL = 0.05,

ke=195 (500), Az* = 0.01 (0.005) (stretched)

e



4. 2DM idealized test case: b-tu
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Calculaiton of error norms; LO, L1, L2

Fa ja

Ly = L max | FazlAiszj:t) — Frey ||
| 2K
£, = ﬁ | Z “ Fﬂz{"h‘-i1 Z4 t} - FR-E_;I' ”
=11 k=K1
| 12K
L2 = \TK > (Fax(Xiy 2j,t) — Freg)
i=I1 k=K1

with I=712—11+4+1, HKH=HK2—HKl1+1
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L1 (u), Ref: 125m solution L 1(w)

2DMO01: AK T, ag=10km, h=10m, ug=10 m/ 4.11_ite1, t=3601, 100h
P 2g=10km, 1 dom TH v, cosma = TLAE T ¢ Urat=U1250n(,100M) 20M001: RK T, a5=10km, h=10m, uy=10 mis, cosma_4.11_itc1, =360y, Wya=W25m(x,100h)

2.5 . :
Hﬂﬂg 21 :ﬁ - 3;3'&? S L1-W-adv2: b=1.52 +f- 0.18 -=--erer
Li-u-advd: b=1.32 +- 0.063 -4 | Li-w-advd: b=1.32 +- 0,12 ===
5: - D, Li-w-advd: b=1.02 +- 017
-3 F D071 caeeeenn L1-w-adwvs: b=1.12 4+ 0.091 ————
L1-w-advi: b=0.987 +/- 0,11 --eeer
o ]
L et
Ll .-"'l.‘ p.g.""w.‘$# = - T
: - ~ o
i . u ,-"‘.‘: -----
o— “.‘ " _..-"“
o e
R = s
g m
s
A5 -
5 |-
5.5 L L L i
1.5 -1 05 -1.5 -1 0.5
oG glA %) log gl A=)

- Significant difference betwwen 2nd - Slopesinconsistent for different norms

other and the higher order schemes of w (intersection of lines)
-Same dopesfor all norms of u, - Slopesinconsistent with those of u

. : : - Different conver gence of different
_ |
Inconsistent with theory! chemes

e




3.2 2DM idealized test case: b-tu
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See poster Ogaja/Will for more details

The assumptions of the test case and other model error sources have to be one
order of magnitude smaller than the discretisation error investigated.
Otherwise the convergence properties are significantly affected. This means:

1. Assumptions of the test case:

1.1. w=0 . solution of the discretised equation for the vertical pressure profile
1.2 Stationarity : t=360 t*=100h

2. Main Error sources

2.1 Time discretisation  : CFL = 0.05

2.2 Vertical discretisation : ke=500, Az* = 0.005 (stretched, 10m to 100m)

2.3 LB relaxation : exp(-12 x/x0)

2.4 UB Rayleigh damping : sin?(Pi x/x0) with tau=c*dt=400, x0=12km
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3.2 2D idealized test cases: .
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L BC: exp(-6 x/x0) LBC: exp(-10 x/x0),
RD, small tau

501.00

01.00

401.00 = 01.00 =

301.00 ‘J il
|

'
/

pu——

201.00 —
i [
101.00 = / | 01.00 =
| ]
(11!
1.0000 I 1 T I .0000 I 1 I I
-1.0000 -0.099325 0.80135 1.7020 2.6027 3.5034 -1.0000 -0.099325 0.80135 1.7020 2.6027 3.5034
b3 X
-1.4300e-006 -6.7682¢-007 7.6321e-008 8.2947¢-007 1.5826e-006 -1.8536e-006 -9.1222e-007 2.9173e-008 9.7056e-007 1.9119e-006
-1.8065e-006 -1.0534e-006 -3.0025e-007 4.5289e-007 1.2060e-006 1.9592e-006 -2.3243e-006 -1.3829e-008 -4.4152e-007 4.9987e-007 1.4413e-006 2.3826e-006

h=10m, Aw=10¢ h=1m, Aw=10"°

e
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3.2 2DM idealized test cases:
New Developments: HO interpolation

Order of convergence for different terms and spatia | directions
Scheme Horizontal
Derivative / Interpolation Rressure term Vertical derivative / Interp.
adv6 6 central / 2 central 2 central 2 central
adv6-M6 6 central / 6 central 2 central 2 central
advs 5 upwind / 2 central 2 central 2 central
Adv4 4 central / 2 central 2 central 2 central
Adv4-M4 4 central / 4 central 2 central 2 central
Adv3 3 upwind / 2 central 2 central 2 central
Adv2 2 central / 2 central 2 central 2 central
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2D idealized test cases: o
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Config 1, Ref: dx=125m Config2, Ref: dx=250m

2DMO001: RK T'p’, ag=10km, h=10m, ug=10 m/s, cosmo_4.11_itc3h, t=504ty, U g=U125,(X,140N)

- 0.026 -weeeens
-0.034 —=mm e

- . sammmnmn ‘-‘-'
3.5 i

.-“‘ -

" -7
A

o Pl ,s\"'f

R PP
ot o e
-
-

T
20MO01: RK TR, ag=10km, h=10m, uy=10 mis, cosmo_4.11_itc1, =360y, Uam1 a5 (X, 1000) L1-u-adv2:

log,4lL1)

-

5.5 il

-1.5 -1 -0.5

- Higher accuracy

- increased conver gence for 2"d or der
- no improvement dueto 4t order
inter polation

e
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2D idealized test cases: o
o o randenburgische
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Config 1, Ref: dx=125m Config2, Ref: dx=250m

2DMO001: RK T'p’, ag=10km, h=10m, ug=10 m/s, cosmo_4.11_itc3h, t=504ty, W o~W125:,(X.140h)
2DMO01: AK Tp', ag=10km, h=10m, ug=10 m/s, cosmeo_4.11_itc1, t=3601y, W, =W 2g,(x, 100h)

IL1 -w-adv2:

.
L1-w-adv2: b=1.52 +/- 0.18 === 4 L1-w-adv3:
-4 b L1-w-adv3:b=1.32 +- 0.12 === . L1-w-adv4-M4:
L1-w-advd: b=1.02 +- 0.17 o L1-w-adv5:
L1-w-adv5: b=1.12_+/- 0.081 === L1-w-advé:

L1-w-advh: b=0.997 +- 0.11 «revreee
b=2

- .
-4.5 P 45
- J“l’lr -
- ot
‘L‘--‘-“_u‘ e T
- [ Pt
e -5 o i - e = =
| ekt = 5
= T =
=2 Tt 5
g s S
-5.5 " . =
5.5 =
& .‘_._.:‘,:;.'v ] /
et
L ""“.—"'-"'"# "‘}‘Mw{
:sﬁ-""'" 6 ,
. 14-2- .#‘}# [
5.5 . P
1 1 i &
e
1.5 -1 0.5 o .
L
g, oA ") -6.5 =
-15 -1 -05

logyg(A x*)

- Higher accuracy

- 2"d order scheme consistent with
theory

- consistent resultsfor all HO schemes

e
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2D idealized test cases:
RD: (1+cos[Pi/2(x/x0+1)])4

logyp(L1)

2DMO001: RK T'p’, ag=10km, h=10m, ug=10 m/s, cosmo_4.11_itc3], t=360ty, U g=Uq25,(X,150h)

u

L1|-u-adv2: b=1.7 +/-0.034 «eeeeven /
3 b=2 —— /
-3.5 // )
4 / ,...‘ S
o ...u‘"‘-
55 Lo

-1.5

-1
logqg(A x*)

-0.5

logyg(L1)

-3.5

4.5

5.5

6.5

2DMO001: RK T'p’, @ap=10km, h=10m, ug=10 m/s, cosmo_4.11_itc3], t=360ty, W, o=W125m,(X,150h)

W

L1-w-adv2: b=2.14 +/- 0.087 =mrm:m

=2 —

-1.5

-1
logjg(A x*)

-0.5

- 2"d order scheme exhibitsthe same results (without tuning of the coefficient).
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Summary

> the investigation of the convergence properties of numerical
schemes is a critical test for all parts of the model involved

> the COSMO model (and probably other NWP&Climate
models too) do not exhibit 2" order convergence for the higher
order advection schemes.

> The possible reason for is the mixing of the orders of
accuracy In the advection and the pressure term

sthe realisation of higher order schemes and conservation
properties requires the realisation of high order and
conservation for all parts of the equation system involved

Thank you for your attention




Discretisation methods: b-tuv
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6" order explicite (Mirinishi et al. 1998):
Y Y Y Y Y Y
| | | | | | | | | | |
i-5 i-4 -3 -2 i1 i i+l i+2 i+3 i+4 i+5
A A S A bA A 4_36’ A A 4
U;Z5/9 Uiy 5/9
6t order compact (Moin, Kaltenbach): 0.5(d(u; u))/d X; + u; du;/ox))
(Augu;/Ax;); skew-symmetric form
f ¥ ¥ ¥
| | | | | | |
i-3  i-2  i-1 i i+1 i4+2 i+43
\ A TS ¥ S A )
—X; —T;
Ui_3/2 Uits/2
Derivative

Interpolation
Coefficients




